In this paper the 3D Maxwell theory with single-sided planar boundary is studied. As a consequence of the existence, on the boundary, of two Ward identities, we find two chiral conserved edge currents satisfying a Kaç-Moody algebra with central charge equal to the inverse of the Maxwell coupling constant. We show that the boundary degrees of freedom are two 2D scalar chiral bosons whose chiralities depend on the parameters of the bulk Maxwell theory. In particular, the edge chiral bosons may have opposite chiralities, in close analogy with the "spinon" and "holon" currents characterizing the 3D topological insulators.
Introduction
One of the first studies on the consequences of the presence of a boundary in field theory was done by Casimir in [1] , where the pressure between two parallel conducting plates was computed, as an example of modification of the vacuum state of the electromagnetic field. Later, in [2] , Symanzik faced the general problem of introducing and studying the effect of a boundary in a Quantum Field Theory (QFT), starting from the definition itself of boundary. Symanzik's basic idea was that a boundary separates the space into two regions. The field theoretical translation of this defining property concerns the propagators of the theory, which are constrained to vanish between points lying on different sides of the boundary (separability constraint). This approach has also the advantage of solving the ambiguity related to the boundary conditions which must be satisfied by the fields of the theory. According Symanzik's procedure, indeed, the boundary conditions are fixed by the separability constraint on the propagators which, in turn, are derived from the Ward identities of the theory. Hence, the boundary conditions are ultimately determined by the symmetries of the theory. Symanzik's approach has been successfully applied in situations where the boundary plays a role in QFT, and its effects can be measured [3] . Particularly interesting is the case of Topological QFTs (TQFTs), which do not possess any local observable, the only cohomologically nontrivial objects being globally defined, like for instance Wilson loops, or surfaces, or geometrical knots [4] . Local physical observables of TQFTs are confined on the boundary, if present. For instance, introducing a boundary in 3D ChernSimons (CS) theory serves to classify all rational conformal field theories [5] , and chiral conserved currents are derived on its edge, which form a Kaç-Moody (KM) algebra with central charge related to the CS coupling constant [6, 7, 8] . This nontrivial boundary structure has a physical interpretation in the Fractional Quantum Hall Effect [9, 10] . Similarly, on the boundary of topological BF theory [11] , which can be defined in any spacetime dimensions, KM algebras satisfied by conserved chiral currents are found [12, 13] , thus justifying the claim according to which topological BF theories are the effective field theories of topological insulators [14, 15] . It makes difference if the boundary is double or single-sided. Of this latter type, for instance, are the theories involved in the AdS/CFT correspondence [16] : a gravity theory in the (D+1)-dimensional bulk holographically reduces to a gauge theory on its (single-sided) D-dimensional boundary. This mechanism is also known as "gauge-gravity duality", and it has important applications also beyond its original string theory framework [17, 18, 19] . By extension, this correspondence can also be referred to flat bulk theories, not involving gravity [20, 21] , with a single-sided boundary [22] . In these cases, Symanzik's method can be superseded by the introduction of a theta step function in the action, without need of imposing the separability constraint on the propagators, which might be a difficult task. The results may be different, as is the case, for instance, of topologically massive Maxwell-CS (MCS) theory [23] : while the physics on the boundary turns out to be independent from the Maxwell term in the case of double-sided boundary studiedà la Symanzik [24] , for single-sided boundary the central charge of the KM algebra and the chiral velocities of the conserved chiral edge currents depend on the Maxwell coupling constant [25] . While the CS case can be recovered from MCS theory as the zero limit of the Maxwell coupling constant, the zero limit of the CS coupling constant diverges, and the 3D Maxwell theory with single-sided boundary must be treated separately, and this is the subject of this paper, which is organized as follows. In Section 2 the 3D Maxwell action with planar single-sided boundary is written, together with the gauge fixing term corresponding to the axial gauge, the external term where external sources are coupled to the fields of the theory, and the most general boundary term . In Section 3 the boundary conditions on the gauge fields are derived from their equations of motion, and the Ward identities are written. We find that two Ward identities hold, which is peculiar to the Maxwell theory alone, since only one Ward identity exists when the Maxwell action is coupled to a CS term [25] . From the two Ward identities, the existence of two conserved currents is deduced, which satisfy a KM algebra with central extension equal to the inverse of the Maxwell coupling constant, in surprising analogy with the 3D topological BF theory with boundary [26, 27] . In Section 4 we show that the degrees of freedom of the 2D boundary are two scalar fields, which are constrained by the boundary conditions on the bulk gauge fields found previously. We study two particular solutions with physical relevance, and we find that the constraints can be solved by chiral scalar fields with opposite chiralities, which renders the analogy with the 3D topological BF theory complete. Moreover, since this latter model is proposed as the effective field theory for 3D topological insulators [15] , this result suggests the unforeseen and interesting possibility of an alternative field theoretical description of 3D topological insulators, by means of the Maxwell field theory. In Section 5 we summarize and further comment our results.
The action with boundary
The Maxwell action defined on a closed, flat euclidean half-space is given by
where F µν (x) is the electromagnetic field strength (
is the step function which introduces in the theory the single-sided planar boundary
and κ is a real positive constant which could be normalized to one by a redefinition of the gauge field A µ (x), which nevertheless we prefer to keep generically positive, in order to be able to identify at any time the role of the Maxwell term in what follows. In 3D, the canonical mass dimension of the gauge field is [A] = 1/2. Our notations are as follows: Greek letters run over the 3D euclidean spacetime (µ = 0, 1, 2), while Latin letters cover the 2D boundary x 2 = 0 (i = 0, 1). Moreover, the 3D coordinates are denoted by x = (x 0 , x 1 , x 2 ), while the plane x 2 = 0 is spanned by X = (x 0 , x 1 ). Accordingly, the Maxwell action (2.1) reads
A convenient choice for the gauge fixing is the axial one
which is implemented by the gauge fixing term
where b(x) is a Lagrangian multiplier, a.k.a. Nakanishi-Lautrup multiplier [28, 29] . As usual, external fields are coupled to the gauge fields:
Notice that in S γ the external sources γ i (x) are coupled only to the gauge fields A i (x), and not to A 2 (x), which is gauged away by the axial gauge choice (2.4). In addition, sources γ 2i (x) must be coupled also to
since, on the boundary x 2 = 0, the fields
are independent one from each other. We stress that the fields A i (x) and their ∂ 2 -derivatives, are not independent dynamical variables in the half 3D space (described by x = (x 0 , x 1 , x 2 ), but the physics on the 2D plane X = (x 0 , x 1 , x 2 = 0) depends on the type of boundary conditions the fields A i (x) undergo (a physical example is the role which the boundary conditions play in the field-theoretic description of the Casimir effect [30] ), and is described by the 2D generating functional Z[J(X)], where, in order to be able to treat independently Dirichlet and Neumann boundary conditions for the bulk fields, external sources must be coupled to both
, so that the boundary conditions are effectively treated as dynamical fields [31] .
To highlight this remark, from now on we adopt the following shorthand notation
Correspondingly, the fields and their ∂ 2 -derivatives may undergo independent boundary conditions on x 2 = 0: of the Dirichlet, Neumann or Robin type. Finally, on x 2 = 0 a boundary action should be defined, whose most general form is
where a i , i = (1, . . . , 9) are constant parameters and the power counting prescription has been taken into account, together with the observation that, as already remarked, on the boundary x 2 = 0 A i (x) and A 2i (x) must be considered as independent fields, and therefore ∂ 2 -integration by parts is not allowed. The 3D Maxwell theory is peculiar, because of power counting. In fact, the canonical mass dimensions of the 3D Maxwell gauge field A i (x) is one half, while for Chern-Simons theory, where only one spacetime derivatives appears, the dimension of the gauge field is one. As a consequence of the power counting constraint, in Chern-Simons theory the boundary term S bd cannot depend on ∂ 2 A i . This is not the case for 3D Maxwell theory, where, on its 2D boundary, ∂ 2 A i may couple with A i forming a composite operator with mass dimension two. This seemengly technical remark has a deep physical consequence, as we will show in what follows. Notice that the boundary term S bd in its general form (2.8) breaks O(2) invariance on the boundary. The 2D invariance under rotations can be recovered for the particular choice of the parameters a i a 1 = a 3 ; a 6 = a 9 ; a 7 + a 8 = 0 ; a 2 = a 4 = a 5 = 0. (2.9)
The parameters a i appearing in S bd (2.8) will be determined to describe physically relevant situations on the 2D boundary of 3D Maxwell theory. We therefore prefer to maintain a general ground without imposing a symmetry which might turn out to be too restrictive. Indeed, it can easily be seen that asking that the boundary term is invariant under 2D rotations, by fixing the parameters a i to the choice (2.9), would prevent from constructing relevant 2D dynamics. This is in close analogy to what happens in massive gravity [32] , where a Lorentz covariant mass term is not the most general choice [33, 34] , so that alternative to the Fierz-Pauli mass terms [35] are possible [36, 37] . Summarizing, the total classical action for Maxwell theory built on a closed flat half-space is given by
3 Boundary conditions, Ward identities, conserved currents and Kaç-Moody algebra
From the action S tot (2.10), the field equations of motion are derived
The boundary conditions on x 2 = 0 are obtained from the field equations (3.1) and (3.2) by integrating ǫ 0 dx 2 , letting ǫ → 0 and then going on-shell, i.e. at vanishing external sources:
From the equations of motion (3.1) and (3.2) the following integrated Ward identity is also derived
Having in mind the previous remarks, we compute the equations of motion of the fields A i,2 (x):
from which the additional on-shell boundary conditions follow
and the local Ward identity on the boundary x 2 = 0
The additional local Ward identity (3.10) will play a crucial role, and it is important to stress that its existence is peculiar to the Maxwell theory: it does not hold, indeed, when a Maxwell term is coupled, for instance, to CS theory [24, 25] . It is interesting to remark the presence, on the boundary x 2 = 0, of a local Ward identity. It is known, in fact, that the axial gauge does not completely fix the gauge symmetry, and that the residual gauge symmetry is described by a local Ward identity [38] . Moreover, local Ward identities in 2D (i.e. on the boundary of a 3D theory) determine the form of the commutators of fields and currents, which translate into the 2D conformal algebra [39] . Here something similar happens, as explained below. The Ward identities (3.5) and (3.10), taken on-shell, i.e. at vanishing external sources γ i (x) = γ 2i (x) = 0, give rise to two conserved currents, which live on the planar boundary x 2 = 0:
The Ward identities (3.5) and (3.10) lead also to a 2D algebra of the conserved currents identified by (3.11) and (3.12). In fact, deriving the Ward identity (3.5) with respect to γ k (x ′ ), going at vanishing external sources and defining the "time" ordered product with respect to the coordinate x 0 , we get
The last term on the right hand side of (3.13) is a contact term (c.t.) which vanishes using the conservation relation (3.11), so that we get the 2D commutation relation
Similarly, deriving the Ward identity (3.5) with respect to γ 2k (x ′ ) we get
Deriving then the Ward identity (3.10) with respect to γ k (x ′ ) and γ 2k (x ′ ) we get, respectively
and
Summarizing, we find the following equal "time" x 0 = x ′ 0 algebra formed by the conserved currents A i,2 (X) (3.11) and A i (X) (3.12) on the boundary x 2 = 0 of the 3D Maxwell theory 1
which can be written in a more compact way as
taken at equal "time" x 0 = x ′ 0 . The algebra (3.22) is a semidirect sum of KM algebras satisfied by the 2D conserved currents A i (X) and A i,2 (X), with central extension c = 1 κ , where κ is the Maxwell coupling constant, in the mixed commutators. We notice that this algebra coincides with the one which is found on the boundary of the 3D topological BF theory [26, 27] , where the role of the second gauge field B µ (x) is here played by A µ,2 (x). This is a crucial fact, which has important physical consequences for the boundary dynamics of the theory, the first of which is the interpretation of the conserved currents (3.12) and (3.11) as charge current and spin current, respectively. These physical identifications will be discussed in the next Section.
Boundary dynamics
The current conservation relations (3.11) and (3.12) define two scalar fields on the 2D boundary x 2 = 0 of the 3D bulk Maxwell theory:
The scalar fields Φ(X) and Ψ(X) are the 2D dynamical degrees of freedom which concern the physics on the boundary of the 3D Maxwell theory. The boundary conditions (3.3), (3.4), (3.8) and (3.9), written in terms of the 2D scalar fields Φ(X) and Ψ(X) are:
The following properties of the delta function have been used: δ(−x) = δ(x) and
Notice that the equations (4.5) and (4.6) describe a chiral scalar field Φ(X)
which propagates in the x 1 -direction with velocity v Φ . We give now two examples, tuned by the parameters a i appearing in S bd (2.8), of the physics which occurs on the boundary of the 3D Maxwell theory.
An interesting boundary situation is obtained taking
The boundary conditions reduce to
The condition (4.11) describes a chiral scalar field Φ(X) propagating in the x 1 -direction with velocity
Using (4.11), the conditions (4.9) and (4.10) become
If, for instance, 15) we are left with
which tells us that also the scalar Ψ(X) is a chiral boson with velocity 17) while, because of (4.11), the velocity of the chiral boson Φ(X) is
This configuration describes two 2D chiral bosons Φ(X) and Ψ(X) which propagate on the boundary x 2 = 0 of the 3D Maxwell theory with opposite and inverse velocities:
where we used (4.15). The physical situation we are encountering here 2 reminds that of topological insulators [14] , characterized by two chiral excitations moving on the edge of a surface with opposite velocities [15, 27] . This allows the interpretation of the 2D conserved chiral currents (4.1) and (4.2) as charge current and spin current, respectively. The new fact here is that this peculiar feature of topological insulators is found on the boundary of 3D Maxwell theory, while the known fact so far is that this kind of behavior is recovered on the edge of 3D topological BF theory. Two quite different bulk theories (the topological BF theory and the non-topological Maxwell theory) on the boundary display the same physics (of topological insulators). However, the dynamics which can be found on the boundary of 3D Maxwell theory is much richer, since the boundary conditions of the bulk theory may have more general solutions. For instance, let us consider again the four boundary conditions written in terms of the scalar fields Φ(X) and Ψ(X): (4.3), (4.4), (4.5) and (4.6). Like before, we chose a 4 = a 5 = a 8 = a 9 = 0 and (4.5) describes a chiral boson Φ(X) with velocity v Φ = −a 6 /a 7 (4.12).
We are then left with (4.13) and (4.14) as in the previous example. As before, let us take a 2 + 2a 3 v Φ = 0 (4.15), so that (4.14) describes the chiral boson Ψ(X) with chiral velocity v Ψ (4.17). Eq. (4.13) represents a Robin boundary condition for the gauge field A 0 :
where we reintroduced the bulk gauge field A 0 through (4.1) and (4.2). In other words, the set of boundary conditions can be solved by two chiral bosons provided that a Robin boundary condition on the gauge field A 0 (x) is given. A remark concerning the nature of the boundary degrees of freedom might be worth. In [40] it has been shown that the boundary conditions which are derived for the fields of topological BF theories in various spacetime dimensions fall into the class of duality conditions studied in [41, 42] which lead to a fermionization of the bosonic degrees of freedom involved. This means that the edge bosons for which a duality constraint holds, describe indeed fermionic degrees of freedom, which fits with the observation that the edge excitations of topological insulators are fermionic, despite the fact that the fields of the bulk effective field theory (3D BF theory) are bosonic. A similar fermionization mechanism might occurs for 3D Maxwell theory, where the role of the duality/boundary constraint studied in [40, 41, 42] is played by the Robin boundary condition (4.20) . With respect to the previous case describing chiral bosons with opposite velocities, this time we have more choices, since
This solution therefore describes chiral bosons which may have opposite or concordant velocities, depending on the sign of one of the parameters appearing in the boundary term S bd (2.8). This situation generalizes the one described in the previous example for topological insulators, where the conserved chiral currents travels in opposite directions on the edge.
Conclusions
In this paper we studied the 3D Maxwell theory with a single-sided planar boundary. Following standard methods of QFT, we found the most general boundary conditions compatible with the equations of motion of the gauge field A µ (x), which depend on the parameters appearing in the boundary term of the total action. On the 2D boundary, the theory displays two Ward identities, which define two 2D conserved currents, obeying a KM algebra with central extension depending on the Maxwell coupling constant. The current conservation relations yield two 2D scalar fields, which are the dynamical variables on the 2D boundary. The boundary conditions on the gauge fields translate into constraints on the scalar fields, which can be solved by chiral bosons moving on the boundary of the 3D Maxwell theory with velocities which depend on the Maxwell coupling constant and on the parameters appearing in the boundary action, which may be tuned in order to have the chiral velocities either with the same or with the opposite sign. These features (conserved edge currents with opposite chiralities which obey a KM algebra with central charge equal to the inverse of the bulk coupling constant) coincide with those characterizing the boundary of 3D topological BF theory [26, 27] , which is known to describe the physics of the topological insulators [15] . Maxwell and topological BF theory share the property of being gauge field theories respecting Time Reversal, which indeed plays an important role in the physics of topological insulators. Under any other respect, they are quite different theories, and having the same behavior on the boundary is an interesting result on its own. In the 3D topological BF theory, the two conserved edge chiral are interpreted as the currents of "spinons" and "holons" [15] . Pushing the analogy further, the role of the additional gauge field B µ (x) is played here by the ∂ 2 -derivative of the gauge field A µ (x), which, indeed, on the x 2 = 0 boundary must be considered as an independent field with respect to A µ (x), obeying also independent boundary conditions (Dirichlet for A µ (x), Neumann for ∂ 2 A µ (x) and Robin for the mixed case). The analogy is impressive, and this new result deserves further studies before claiming that Maxwell theory with single-edged boundary represents an alternative effective theory for 3D topological insulators.
